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Abstract
The spatial distribution of neuronal cells is an important requirement for achieving proper neu-
ronal function in several parts of the nervous system of most animals. For instance, specific distri-
bution of photoreceptors and related neuronal cells, particularly the ganglion cells, in mammal’s
retina is required in order to properly sample the projected scene. This work presents how two
concepts from the areas of statistical mechanics and complex systems, namely the lacunarity and
the multiscale entropy (i.e. the entropy calculated over progressively diffused representations of
the cell mosaic), have allowed effective characterization of the spatial distribution of retinal cells.
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Although a great part of neuronal function is a consequence of the distribution and adap-
tation of the involved synaptic weights, the topographical nature of sensory spaces found
in several animals implies the spatial distribution of neuronal cells to become an important
element for achieving proper overall behavior of neuronal subsystems [1, 2]. The topograph-
ical organization of neuronal systems and mappings is characterized by the preservation of
local adjacencies of the represented and mapped points (e.g. [3]). In the retina, for instance,
the photoreceptors and associated neuronal cells are spatially organized as mosaics so as to
obtain proper sampling of the projected images, which may depend on the specific spectral
range and type of visual operation (e.g. central/peripheric and chromatic/scotopic). More
specifically, while such a distribution tends to lead to locally uniform distribution of recep-
tive fields, with just the right amount of overlap, the overall distribution varies with the
eccentricity, becoming less dense at the paraphoveal regions and periphery of the retina.
At the same time, retinae of several species involve more than one type of photoreceptors,
specialized at some particular wavelength interval, implying additional restrictions to the
spatial distributions in each respective mosaic. Combined with the close relationship between
neuronal structure and function, such specific demands makes the problem of mosaic spa-
tial characterization particularly interesting from both the mathematical and physiological
points of view. At the same time, most related researches reported in the specific literature
are almost invariably related to the application of nearest-neighbor distances between the
mosaic elements. Although such a measurement is interesting and has paved the way to
several advances, the consideration of additional, complementary features to describe the
spatial organization has the potential to provide more information about the investigated
systems.
This article describes the application, to our best knowledge for the first time, of two
concepts derived from statistical mechanics and complex systems — namely the lacunarity
and multiscale entropy — to the characterization of retinal mosaics.
Introduced [4, 5, 6, 7] in order to complement the degenerated characterization provided
by the fractal dimension, the lacunarity provides a measurement of the translational invari-
ance of the analyzed spatial distributions. Therefore, the higher the value of the lacunarity,
the less translationally invariant is the system. Let the sum of the mosaic values under the
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circular area of radius r centered at each point (x, y), represented as φ, be
sr(x, y) =
∑
φ
a(x, y) (1)
where a is the matrix representing the mosaic. One of the frequently adopted definitions
of lacunarity is as follows
L(r) =
σ2r
µ2r
(2)
where µr and σr are the mean and standard deviation of sr(x, y) taken along the xy
domain. Observe that the lacunarity maps the image into the vector L(r), r = 1, 2, . . . , rmax.
For enhanced computation sake, the lacunarity was obtained by convolving, in the spectral
domain, the original mosaic with disks of increasing radius.
The multiscale entropy [8, 9] can be used to complement the degeneracy of the traditional
entropy, which is invariant to any spatial permutation of the mosaic values (the entropy
ultimately depends only on the image value histogram which, as a first order statistics, does
not depend on the spatial positions). More specifically, the multiscale entropy can be defined
as follows
Eσ = −
∑
v
pσ(v)log(pσ(v)) (3)
where pσ(v) is the histogram of the mosaic values after diffusion with standard deviation
σ (e.g. Gaussian smoothing, which is equivalent to linear isotropic diffusion). The diffused
versions of the original mosaic images were obtained through the convolution, in the spectral
domain, of the original mosaic image with normal density functions for increasing values of
σ [8].
The remainder of this article presents the application of the two above measurements
to the characterization of Agouti (Dasiprocta agouti) retinal mosaics, which involve two
types of cells (M/L and S) characterized by different pigments. The process of enucleation
and fixation of the retinal material followed the protocols described elsewhere [10]. Isolated
retinas were prepared as whole mounts and were then labeled with different antibodies (JH-
455, against S cone pigments and JH-492 against M/L cone pigments; kindly provided by
Dr. J. Nathans) largely according to the procedures described elsewhere (*). The whole-
mounted retinas were examined and scanned using differential interference contrast (DIC)
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with the aid of an optical microscope (LEICA DM) equipped with a high-resolution video
camera (AxionCam MRm). Starting from the optic nerve, images of S and M/L cones
were acquired along the vertical-dorsal axis. Using 40X oil immersion objective, 25 fields
taken with 250 × 250µm for M/L cones and 23 fields with 500 × 500µm for S cones were
digitalized. The raw images of the cones were captured at the level of the inner segments.
For analysis, x and y coordinates were identified with Scion Image Software (ScionCorp).
Digital binary images were then obtained (cells are represented by 1 and absence of cells by
0) and represented as matrices of fixed size 250 (the coordinates of S cones were divided by 2)
in order to normalize finite-size effects. Typical examples of the M/L and S cell distributions
are provided in Figure 1(a) and (b), respectively.
Figure 1(c) presents the scatterplot considering the mean lacunarity and mean multiscale-
entropy obtained for each mosaic. It is clear from this figure that both M/L and S cells
resulted linearly separated, in the sense that most cases above the dashed line are S cells.
The two exceptions were found to have uncommon features. All cells below the line are
M/L cells. Because the separation line is almost horizontal and orthogonal to the y-axis, it
follows that such a discrimination is obtained mostly as a consequence of the mean lacunarity
measurements. Indeed, as can be inferred from Figures 1(a) and (b), the M/L mosaics tend
to be spatially more uniform, implying higher translational invariance. On the other hand,
the S mosaics tend to have greater variation as for the size and shape of their void regions,
leading to higher lacunarity. Although the mean multiscale entropy did not contribute to
separating between M/L and S mosaics, it did produce an isolated cluster at the left-hand
side of the figure, which is marked by the ellipse. The mosaics in that cluster have been
verified to have a smaller number of cells, a property which was properly reflected by the
multiscale entropy.
All in all, we have shown that lacunarity and multiscale entropy measurements derived
from digital images of retinal mosaics can provide valuable information about the spatial
distribution of the involved cells. While the mean lacunarity accounted for an almost perfect
separation of the two types of mosaics, the mean multiscale entropy allowed the identification
of a separated cluster of M/L mosaics. Such results provide circumstantial evidence in favor
of the fact that irregular rather than regular patterns appear to be the rule among mammals
with S cone mosaics [11]. Random distribution in the S cone mosaics have been identified in
species like marsupials, rabbits, cats, horses, rats, cheetahs and guinea pigs [10, 12, 13, 14, 15]
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which, like the agouti, have rod-dominant retina. On the other hand, regular S mosaics
are found only in animals with cone-dominant retina [16, 17, 18], possibly accounting for
enhanced visual sampling properties compatible with diurnal arboreal habitats.
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FIG. 1: Figure 1.
.
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List of Captions:
Typical configurations of M/L (a) and S (b) mosaics, and the scatterplot obtained for
mean lacunarity and mean entropy (c). M/L and S mosaics are represented by crosses and
diamonds, respectively.
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